We study linearized stability in first-order relativistic viscous hydrodynamics in the most general frame. There is a region in the parameter space of transport coefficients where the perturbations of the equilibrium state are stable. This defines a class of stable frames, with the Landau-Lifshitz frame falling outside the class. The existence of stable frames suggests that viscous relativistic fluids may admit a sensible hydrodynamic description in terms of temperature, fluid velocity, and the chemical potential only, i.e. in terms of the same hydrodynamic variables as non-relativistic fluids. Alternatively, it suggests that the Israel-Stewart and similar constructions may be unnecessary for a sensible relativistic hydrodynamic theory.
Introduction
Do the Navier-Stokes equations of fluid dynamics admit a relativistic formulation? The answer to this question is subtle. The standard hydrodynamic equations of normal non-relativistic fluids represent local conservation laws of energy, momentum, and particle number. 1 The dynamical variables of hydrodynamics are the parameters that specify the thermal equilibrium state (temperature T , fluid velocity v, and the chemical potential µ), now promoted to functions of space and time. 2 The currents, including the dissipative fluxes, are expressed through the dynamical variables in terms of the phenomenological constitutive relations which contain the viscosities and the heat conductivity.
Let us ask the question in the following way: Do the hydrodynamic equations admit a relativistic formulation that (A) only uses the dynamical variables T , u α , and µ inherited from 1 More generally, one needs conservation laws for the number of each species of particles. If only a single species of particles is present in a Galilean-invariant theory, the particle number conservation is equivalent to mass conservation. In what follows, we assume a single particle species in a Galilean-invariant theory, or a single global U (1) charge in a Lorentz-invariant theory. 2 In the standard non-relativistic fluid dynamics, one may choose to use the energy density and the particle number density as the hydrodynamic variables, instead of T and µ. In a relativistic theory, energy density and the U (1) charge density are not Lorentz scalars, so the covariant energy-momentum tensor and the U (1) current are normally constructed in terms of T , µ (which are Lorentz scalars), and the fluid velocity u α (which is a Lorentz vector).
namics is constructed as a derivative expansion, with gradients of T , u α and µ parametrizing deviations from equilibrium. We will start with the most general constitutive relations to onederivative order. Our emphasis here is not on the derivative expansion per se, but on whether the constitutive relations, truncated at the one-derivative order, can give rise to stable and causal hydrodynamic equations. We don't use any particular model of matter such as the kinetic theory. We also don't use the entropy current as a guiding principle, and we do not insist that the hydrodynamic entropy current S µ has a non-negative divergence ∇·S when evaluated on all solutions to the equations of motion. One can reasonably demand that on-shell (i.e. when evaluated on the solutions to the equations of motion) one must have ∇·S 0 order by order in the derivative expansion. This has been systematically implemented to second order in derivatives only relatively recently [20, 21] . In our view, one should not abandon the derivative expansion and demand that ∇·S must be non-negative on-shell, period. If there happens to be a negative contribution to ∇·S from high-momentum, high-frequency modes, such a contribution can not be given a physical interpretation: not only the modes themselves are unphysical, but the very notion of macroscopic entropy stops making sense at microscopic distances and times. The general-frame first-order hydrodynamics that we study here has on-shell ∇·S 0 to first order in derivatives, as it should. We review the hydrodynamic entropy current in the appendix.
The paper is organized as follows. We start with a detailed introduction to hydrodynamic frames in Sec. 2, and explain how one arrives at the "standard" frames of Eckart and of Landau and Lifshitz. The most general frame in one-derivative hydrodynamics is specified by seven parameters for uncharged fluids (two of which are genuine one-derivative transport coefficients), and by sixteen parameters for charged fluids (three of which are genuine onederivative transport coefficients). Section 3 contains a brief discussion of how we check for the stability of the global uniform equilibrium state. Then in Sec. 4 we restrict our attention to uncharged fluids and perform an analysis of small fluctuations in the equilibrium state with constant T = T 0 and v = v 0 , and identify the class of hydrodynamic frames in which the fluctuations are stable. The Landau-Lifshitz frame (as well as the frames studied in [4] ) are outside this class. Entropy current is discussed in appendix A, and the constraints on the general-frame transport coefficients in conformal fluids are discussed in appendix B.
Constitutive relations 2.1 Derivative expansion
In order to set the stage for the further discussion, we start with a brief introduction to hydrodynamics along the lines of Ref. [22] . Hydrodynamics is a classical effective theory for the evolution of the conserved densities, including energy density, momentum density, and various charge densities. We will be considering relativistic theories whose only relevant conserved densities are the energy-momentum tensor T µν , and possibly a current J µ corresponding to a global U (1) symmetry. We will call the fluids without the corresponding global U (1) current "uncharged", for example a ϕ 4 field theory of a real scalar field ϕ, or a "pure glue" SU (N ) Yang-Mills theory give rise to uncharged fluids. Similarly, the fluids with a conserved global U (1) current will be called "charged", for example a |ϕ| 4 field theory of a complex scalar field ϕ, or quantum chromodynamics (QCD) give rise to charged fluids. For QCD, the relevant U (1) charge is the baryon number. 4 The expectation values T µν , J µ of the microscopic operatorsT µν ,Ĵ µ are physical measurable quantities which can in principle be defined in any non-equilibrium state. In equilibrium, the state of the system in the grand canonical ensemble may be parametrized by the temperature T , the timelike velocity vector u α , and by the chemical potential µ for the U (1) charge. The equilibrium energy-momentum tensor and the current can be expressed in terms of T , u α , and µ. For states not too far out of equilibrium, the hydrodynamic assumption asserts that the physical objects T µν = T µν , J µ = Ĵ µ can still be expressed in terms of the quantities T , u α and µ that vary slowly in space and time. In equilibrium, the quantities T , u α and µ become the actual temperature, fluid velocity, and the chemical potential. However, out of equilibrium, T , u α and µ have no first-principles microscopic definitions, and thus should be viewed as merely auxiliary variables used to parametrize the physical observables T µν and J µ .
Assuming that the physical system is locally near thermal equilibrium, the hydrodynamic expansion is a gradient expansion, schematically
where O(∂ n ) denotes the terms with n derivatives of T , u α , µ, for example the O(∂ 2 ) contributions contain terms proportional to ∂ 2 T , (∂T ) 2 , (∂T )(∂u) etc. Expansions (1) are the constitutive relations, expressing the physical quantities T µν and J µ in terms of the auxiliary variables T , u α , µ. The O(1) terms in the expansion are usually said to correspond to "perfect fluids", the O(∂) terms are said to correspond to "viscous fluids", and the O(∂ n ) terms are said to correspond to "n th -order hydrodynamics". The hydrodynamic equations are
In what follows, we will assume that the fluid is in flat space in 3+1 dimensions, and is not subject to external gauge fields that couple to the U (1) current. The constitutive relations in curved space and in the presence of external gauge fields are known up to O(∂ 2 ) [20, 24] , but we will not need them here. The derivative expansion can be implemented in practice in the following way. Given a 4 We emphasize that the term "charged fluid" used here, while standard in some discussions of relativistic hydrodynamics [13, 20] , does not mean that the fluid has a net electric charge. Rather, we will use the term "charged fluids" to refer to fluids that can have non-zero local density of the baryon number, or other global U (1) charges. The corresponding gauge field Aµ is external and non-dynamical. For fluids whose constituents carry actual electric charges (when the U (1) is gauged, and Aµ is dynamical), the hydrodynamic description is provided by magneto-hydrodynamics [23] .
timelike unit vector u µ , the energy-momentum tensor and the current may be decomposed as
where Q µ , T µν , and J µ are transverse to u, and T µν is symmetric and traceless. Specifically,
where ∆ αβ ≡ g αβ + u α u β projects onto the space orthogonal to u α . The decompositions (2) are just identities, true for any symmetric tensor T µν and any vector J µ . In hydrodynamics, one writes E, P, Q µ , T µν , N , and J µ as a derivative expansion. To zeroth order in derivatives, there are two scalars, T and µ, no transverse vectors, and no transverse traceless 2-tensors.
To first order in derivatives, there are three scalars,Ṫ , ∂ λ u λ , andμ, where the dot stands for u λ ∂ λ . There are also three transverse vectors, ∆ ρσ ∂ σ T ,u ρ , and ∆ ρσ ∂ σ µ. There is one transverse traceless symmetric tensor,
Thus to first order in derivatives we have
where O(∂ n ) denotes terms with n or more derivatives of the hydrodynamic variables. The factors of 1/T are inserted for notational convenience. At zero-derivative order, the constitutive relations are determined by the three apriori independent parameters , p, and n which in general all depend on T and µ. As usual, p is the pressure, is the energy density, and n is the charge density. At one-derivative order, there are sixteen apriori independent transport coefficients (seven for uncharged fluids) ε 1,2,3 , π 1,2,3 , θ 1,2,3 , ν 1,2,3 , γ 1,2,3 , and η, which in general all depend on T and µ. Not all of them are genuine one-derivative transport coefficients though. As we will see shortly, there are in fact only three genuine one-derivative transport coefficients.
Field redefinitions
Out of equilibrium, the auxiliary variables T , u α and µ have no first-principles microscopic definition, and different out-of-equilibrium choices of T , u α and µ may be adopted, as long as all these choices agree in equilibrium. Given a choice of T , u α and µ, we can introduce
where δT , δu α , δµ are O(∂). In this way, T and T , u α and u α , µ and µ agree in equilibrium in flat space. 5 Note that u µ δu µ = O(∂ 2 ) in order to maintain the normalization (u ) 2 = −1. The same T µν and J µ may now be written in terms of the new (primed) variables. 6 Again, when hydrodynamics is formulated as a derivative expansion, we have
The energy-momentum tensor and the current can be decomposed as in Eq. (2), (3), now with respect to the new fluid velocity u µ . The coefficients in the new decomposition are [22] 
Suppose now that we perform the most general first-order field redefinition
with yet unspecified a i , b i , c i which are functions of T and µ. The constitutive relations for the energy-momentum tensor and the current, written in terms of the new fields T , u , µ , look the same as the constitutive relations in terms of the old fields T , u, µ, with the following change:
where i = 1, 2, 3, and the comma subscript denotes the partial derivative with respect to the parameter that follows, e.g. ,T ≡ (∂ /∂T ) µ . Cleary, not all transport coefficients are invariant under the general first-order field redefinition. The invariant ones are
and η, while the rest can be eliminated from the first-order constitutive relations by a field redefinition. We see that when the constitutive relations (4) are truncated at one-derivative order by neglecting all O(∂ 2 ) terms and taken at face value, there is not a unique firstorder hydrodynamics. This non-uniqueness is due to the freedom of the hydrodynamic field redefinition (8) which is conventionally called "a change of frame". The arbitrariness in the choice of frame is not important from the point of view of the derivative expansion. However, it can be important from the point of view of the hydrodynamic equations themselves. After all, the hydrodynamic equations ∂ µ T µν = 0, ∂ µ J µ = 0 (again, with the constitutive relations truncated at one-derivative order), when written in different frames, give rise to different partial differential equations. The choice of frame may potentially affect such things as the well-posedness of the initial value problem for these partial differential equations, or lead to fictitious instabilities of the equilibrium state.
Before discussing the conventional frames such as the Landau-Lifshitz frame or the Eckart frame, it is important to emphasize that no matter what one does in the hydrodynamics which includes T , u α , µ as dynamical variables, one always uses some frame. This is because a frame is just a definition of what one means by T , u α and µ out of equilibrium, so "not choosing a frame" is not an option. The moment the constitutive relations for T µν and J µ are written down in terms of T , u α and µ, these constitutive relations define a frame.
Consequences of extensivity
In equilibrium, extensivity follows from locality on length scales longer than the equilibrium correlation length. Extensivity implies certain thermodynamic consistency conditions that were introduced in Refs. [25, 26] in the context of the derivative expansion in hydrostatics when the relativistic system is subject to external time-independent sources (metric and the gauge field). The fluid velocity in the time-independent equilibrium state was chosen to be aligned with the corresponding timelike Killing vector. If the metric does not depend on time t so that the Killing vector is K = ∂ t , the equilibrium temperature and the chemical potential are proportional to 1/ √ −g 00 to all orders in the derivative expansion, in agreement with Ref. [27] . This might seem like the most natural thing to do, however it has non-trivial consequences. In particular, the Killing equation implies that the following identities hold in equilibrium:Ṫ =μ = 0 , (11a)
where E α is the electric field, which in our case is set to zero. Note that in an external gravitational field,u µ and ∆ µν ∂ ν T do not have to vanish separately in equilibrium. The thermodynamic consistency conditions arise from demanding that the equilibrium energymomentum tensor and the current follow from the grand canonical potential which is extensive in the thermodynamic limit. Varying the grand canonical potential (the generating functional) with respect to the metric and the gauge field one finds
This implies that the coefficients in the constitutive relations (4) are not all independent. At zero-derivative order, the thermodynamic consistency conditions demand that , p, and n are not independent, but rather must satisfy = −p + T ∂p ∂T + µ ∂p ∂µ , and n = ∂p/∂µ. These relations are of course well known from basic thermodynamics; what was not appreciated until [25, 26] is that there are also relations analogous to + p = T s + µn at O(∂) and higher in the derivative expansion. At one-derivative order, the consistency of (12) and (4) implies θ 1 = θ 2 , γ 1 = γ 2 , and therefore 1 = 2 . Analogous consistency conditions for two-derivative terms in the constitutive relations were worked out in [25, 26] .
Choosing the equilibrium fluid velocity along the Killing vector, u = K/ √ −K 2 , and choosing T = T 0 / √ −K 2 (here T 0 is a constant that sets the units of temperature), the energymomentum tensor and the current derived from the grand canonical potential were termed in Ref. [26] to be in "thermodynamic frame". We see however that this definition of u and T implies relationships among frame invariants, and therefore the thermodynamic frame is more than a mere choice of frame: it is a frame that makes the thermodynamic consistency conditions manifest.
Landau-Lifshitz frame
The Landau-Lifshitz frame [3] (also called the Landau frame) takes a different starting point. Consider the most general constitutive relations (4), with all transport coefficients non-zero. Given the transformation rules (9), it is clear that one can go to a new frame (by choosing a i and c i appropriately) in which E = and N = n. Further, by choosing b i = θ i /( +p) one can make Q µ = 0 in the new frame. The constitutive relations in the new frame are then
where f i and i are defined by Eq. (10) . In other words, by performing a particular nineparameter frame transformation the number of one-derivative transport coefficients has been reduced from sixteen to seven, which are now f 1,2,3 , 1,2,3 , and η. The conditions E = , N = n, and Q µ = 0 are usually taken as the defining properties of the Landau-Lifshitz frame.
Up to now we have only looked at the constitutive relations, but have not actually used the hydrodynamic equations themselves, ∂ µ T µν = 0, ∂ µ J µ = 0. The conservation equations ∂ µ (nu µ )+O(∂ 2 ) = 0 and u ν ∂ µ ( u µ u ν +p∆ µν )+O(∂ 2 ) = 0 imply two "on-shell" relations among the scalarsṪ , ∂·u, andμ, up to O(∂ 2 ) terms. Similarly, the projected energy-momentum conservation ∆ α ν ∂ µ ( u µ u ν + p∆ µν ) + O(∂ 2 ) = 0 implies one "on-shell" relation among the transverse vectorsu α , ∆ αλ ∂ λ T , and ∆ αλ ∂ λ (µ/T ), up to O(∂ 2 ) terms. If these are used to eliminateṪ ,μ, andu µ , the constitutive relations (13), when evaluated on the solutions to the hydrodynamic equations, may be written as
The transport coefficients include the shear viscosity η as well as:
where the thermodynamic derivatives are (∂n/∂T ) µ/T = (∂n/∂T ) + (µ/T )(∂n/∂µ), and the coefficients f i , i are given by Eq. (10). The above expressions give the bulk viscosity ζ and the charge conductivity σ as linear combinations of the transport coefficients in the general frame. 7 The transport coefficient χ T vanishes as a consequence of the thermodynamic consistency 7 For an uncharged fluid, the bulk viscosity is ζ = v conditions 1 = 2 . Thus one is left with three genuine one-derivative transport coefficients η, ζ, and σ. The constitutive relations in the form (14) with χ T = 0 were proposed in the book by Landau and Lifshitz [3] .
The above discussion makes it clear that the Landau-Lifshitz frame is not the only possible frame, even for an uncharged fluid in one-derivative hydrodynamics. 8 It is also important to note that the ingredients that go into the constitutive relations (14) are: (i) the choice of frame such that E = , N = n, Q µ = 0, plus (ii) the on-shell relations derived from zeroderivative hydrodynamics. The arbitrariness involved in the second step implies that there are multiple ways to write down the on-shell constitutive relations in the Landau frame -these constitutive relations, when truncated to one-derivative order, will give rise to inequivalent hydrodynamic equations. Put differently, what is commonly referred to as the Landau frame is a whole class of frames. For example, if we use the on-shell relations to eliminate ∂·u anḋ µ, the non-equilibrium correction to pressure in the Landau frame will be determined byṪ instead of ∂·u, with the coefficient ofṪ proportional to the bulk viscosity. Eliminating different one-derivative quantities will lead to different Landau-frame hydrodynamic equations which may have different stability and causality properties compared to the ones derived from (14).
Eckart frame
In order to arrive at the Eckart frame [1] , again consider the general constitutive relations (4), with all transport coefficients non-zero. Using the transformation rules (9), one can go to a new frame (by choosing a i and c i appropriately) in which E = and N = n, just like in the Landau frame. Further, by choosing b i = γ i /n one can make J µ = 0 in the new frame. The constitutive relations in the new frame are then
with
8 The advantage of the Landau-Lifshitz frame is that it allows for a technically straightforward algebraic extraction of the hydrodynamic fields T and u µ if the energy-momentum tensor happens to be known. Indeed, suppose we know T µν (x) in some non-equilibrium state. For states that represent small departures from local equilibrium, we expect that T µν (x) will have a time-like eigenvector, i.e. for every x we have T µν (x)Ψν (x) = λ(x)Ψ µ (x), where λ(x) is the eigenvalue. After finding the eigenvector, the fluid velocity in the Landau-Lifshitz frame is just u µ (x) = Ψ µ (x)/ √ −Ψ 2 . After finding the eigenvalue, the temperature T (x) in the Landau-Lifshitz frame is found from λ(x) = (T (x)), where (T ) is a known function, given by the equilibrium equation of state. This procedure is algebraic, and can in principle be done independently at each point in spacetime. If, on the other hand, we want to match the exact known T µν (x) to the hydrodynamic form (2), (4), with some fixed non-zero ε1, ε2, θ1, θ2, doing so would involve solving differential equations in order to extract T (x) and u µ (x), and so is technically more involved.
The conditions E = , N = n, and J µ = 0 are usually taken as the defining properties of the Eckart frame. It is clear that the Eckart frame can only be defined for charged fluids, and then it is only useful when one studies states with non-zero charge density n. Again, there are multiple ways to write down the on-shell Eckart-frame constitutive relations, by using the on-shell relations among the one-derivative scalars and vectors. For example, eliminating ∆ µλ ∂ λ (µ/T ) from (17) one finds
Here κ ≡ ( + p) 2 σ/(n 2 T ) is the heat conductivity which is proportional to the charge conductivity σ. Again, the coefficient χ T must vanish by the thermodynamic consistency conditions. The constitutive relations in the form (18) were proposed in the original paper [1] by Eckart 9 . Alternatively, eliminatingu µ from (17) one finds
Two different Eckart-frame constitutive relations (18) and (19) will give rise to inequivalent hydrodynamic equations in one-derivative hydrodynamics. In particular, the modes that are stable with the constitutive relations (19) become unstable with the constitutive relations (18) , see e.g. [22] . Of course, there is also a similar freedom to redefine the non-equilibrium contributions to pressure, for example by shifting them from ∂·u toṪ .
Stability of equilibrium
In the rest of this paper we will study the stability of small perturbations of the thermal equilibrium state in flat space with no external electromagnetic fields. The equilibrium state is characterized by the temperature T , fluid velocity u α = (1, v)/ √ 1 − v 2 , and (for charged fluids) the chemical potential µ. In order to study the linearized stability, we take T = T 0 +δT , v = v 0 + δv, µ = µ 0 + δµ, and linearize the hydrodynamic equations in δT , δv, δµ, with constant T 0 , µ 0 and v 0 , such that |v 0 | < 1. The solutions to the linearized equations may be taken as combinations of plane waves, and we take δT , δv, and δµ proportional to e ik·x−iωt . Solving the hydrodynamic equations ∂ µ T µν = 0, ∂ µ J µ = 0 with the general constitutive relations (4), one finds the set of eigenfrequencies ω(k). The eigenfrequencies depend on T 0 , v 0 and µ 0 , as well as on all the transport coefficients in (4). By "stability" we will mean the following:
9 Note that the discussion of Ohm's law in [1] is incomplete. The correct form of the Ohm's law in relativistic fluids is not for all k. This ensures that small perturbations of the equilibrium state do not grow exponentially with time. By "causality" we will mean the following:
where k ≡ |k|. See e.g. [28] for causality criteria, though the general discussion of causality and hyperbolicity is beyond the scope of the present paper. 10 As we will see later, if the causality condition (21) is not satisfied for the fluid at rest, then the uniformly moving fluid will have unstable modes. This follows from Lorentz covariance of the hydrodynamic equations. The algebraic equation that determines the eigenfrequencies is obtained by setting the determinant of the corresponding linear system to zero. In a relativistic fluid, for an equilibrium state specified by a constant velocityū α , the algebraic equation can only depend on q·ū and q 2 , where q α = (ω, k). Alternatively, we can take the equation to depend on w ≡ −q·ū and z ≡ q 2 + (q·ū) 2 = q α∆ αβ q β , so that the eigenfrequencies are determined by
In a rotation-invariant fluid, the modes split into the "shear-channel" (perturbations of δv ⊥ k) and "sound-channel" (perturbations of δv k, δT , δµ) modes. 11 This is readily seen for the fluid at rest, withū α = (1, 0), so that H(ω,
By Lorentz covariance, we then have
The stability can then be analyzed independently in the shear channel and in the sound channel. To any finite order in the derivative expansion, the functions F shear (w, z), F sound (w, z) are finite-order polynomials in w and z. Consider first-order hydrodynamics of uncharged fluids in the general frame (4). Thermodynamic consistency conditions imply θ 1 = θ 2 , thus in a general frame in one-derivative hydrodynamics we have six transport coefficients: ε 1,2 , π 1,2 , θ ≡ θ 1 = θ 2 , and η. As we will see, in this six-dimensional parameter space of transport coefficients, there is a subspace where Eq. (20) is true. This subspace defines a class of stable frames in uncharged fluids.
For charged fluids in the general frame (4), we further have γ 1 = γ 2 by the thermodynamic consistency conditions, thus there are fourteen transport coefficients in one-derivative hydrodynamics:
Again, we expect that in this fourteen-dimensional parameter space of transport coefficients, there is a subspace where Eq. (20) is true. This subspace defines a class of stable frames for charged fluids. 10 In N = 4 supersymmetric, SU (Nc) Yang-Mills theory at strong coupling, exact dispersion relations at large Nc can be found for all modes by using the holographic duality, without using the hydrodynamic approximation. The dispersion relations are such that, as k increases, Re ω(k)/k approaches one from above [29, 30, 31] . Of course, in this case the short-distance behaviour is regulated by the actual microscopic degrees of freedom of the quantum field theory, instead of the modes contained in the hydrodynamic equations. Among all the transport coefficients, we expect that the ones that come with time derivatives will be more important for ensuring stability than the rest. We thus expect that beyond the standard transport coefficients η > 0, ζ > 0, σ > 0, the coefficients that are most relevant for the stability of one-derivative hydrodynamics are ε 1 , π 1 , θ 1 , ν 1 , and γ 1 . These coefficients can be thought of as defining relaxation times for the energy density (ε 1 ), pressure (π 1 ), momentum density (θ 1 ), charge density (ν 1 ), and the charge current (γ 1 ).
The linearized fluctuations of the equilibrium state split into the "shear channel" and "sound channel" modes. At v 0 = 0, the shear channel modes are the velocity fluctuations with δv ⊥ k, while the sound channel modes are the coupled fluctuations of δv k and δT . Upon solving the linearized equations ∂ µ T µν = 0, the eigenfrequencies ω(k) are found by setting the determinant of the corresponding linear system to zero. The vanishing of the determinant can be written as F shear (ω, k) d−1 F sound (ω, k) = 0, corresponding to the two channels. In first-order hydrodynamics, F shear (ω, k) is a second-order polynomial in ω whose coefficients depend on k, while F sound (ω, k) is a fourth-order polynomial in ω whose coefficients depend on k.
The values of F (ω, k) at different v 0 are related by boost covariance, according to Eq. (23). To be specific, let us choose coordinates such that the plane spanned by v 0 and k is the xyplane, and v 0 is along x. Then the equation F a (v 0 , ω , k ) = 0 is equivalent to
where "a" stands for either shear or sound. Note that, in general, the above boost covariance does not imply any simple algebraic relations between ω (k ) and ω(k). In particular, if for certain values of the transport coefficients we find Im ω(k) < 0 for the fluid at rest, this does not guarantee that Im ω (k ) < 0 in a moving fluid (the modes that are stable at v 0 =0 can become unstable at v 0 =0). Thus, the analysis of stability has to be performed at non-zero v 0 . A simplification occurs if the dispersion relation at v 0 = 0 happens to be linear. This is true for sound waves at small k, and happens more generally for all modes at large k. Let ω(k) = ±c 0 |k|, with some constant speed 0 < c 0 < 1. Performing a Lorentz boost on (ω, k) as in Eq. (24) gives again a linear dispersion relation at v 0 = 0, namely ω = c v (φ)|k |, where φ is the angle between k and v 0 . Explicitly, we find
At φ = 0 the above reduce to c v = (v 0 ± c 0 )/(1 ± v 0 c 0 ), the standard relativistic addition of phase velocities. are stable (c 0 is real) and causal (0 < c 0 < 1), they remain so at v 0 = 0. Alternatively, c 0 > 1 for the fluid at rest implies that the equilibrium state of a uniformly moving fluid is unstable. More generally, being consequences of Lorentz covariance, Eqs. (24) and (25) are of course not restricted to first-order hydrodynamics. In the context of hydrodynamics, Eq. (24) is true to all orders in the derivative expansion.
Shear channel
In the shear channel, the eigenfrequencies are determined by the zeroes of
where γ 0 ≡ 1/ 1 − v 2 0 . If we measure ω and k in units of ( 0 +p 0 )/η, the stability of the shear-channel eigenmodes is determined by only one dimensionless parameters θ/η. There are two gapless (ω(k→0) = 0) modes with different polarizations, corresponding to the familiar shear waves, and two gapped (ω(k→0) = 0) modes with different polarizations. For the eigenfrequencies, we find at long wavelength
where w 0 ≡ 0 + p 0 is the equilibrium density of enthalpy. It is clear that stability (Im ω < 0) of the shear channel fluctuations requires Each colour corresponds to a given value of φ (blue corresponds to φ = 0, purple to φ = π/2), k ≡ |k|, and w 0 ≡ ( 0 +p 0 ). At small k, the gapless and the gapped modes (27) , (28) The Landau-Lifshitz convention sets θ = 0 at non-zero η, hence the Landau-Lifshitz hydrodynamics predicts that the thermal equilibrium state is unstable [4] . The gapped mode which is responsible for the instability is outside of the validity regime of the hydrodynamic approximation, and therefore its physical predictions should not be trusted. Nevertheless, it is important that Im ω(k) < 0 is true for all modes, both gapless and gapped, in order to ensure that the hydrodynamic equations have predictive power at macroscopic times. At large k, the modes follow a linear dispersion relation, ω = c shear (φ)k, where φ is the angle between v 0 and k. The velocity c shear determined by
with |v 0 | < 1. The solutions are real and bounded by
for θ > η. As an illustration, the dispersion relations in the shear channel are plotted in Fig. 2 , with ω and |k| in units of ( 0 +p 0 )/η. A short exercise shows that the condition (29) guarantees that the solutions of (26) have Im ω(k) 0 for all k. Thus Eq. (29) is the stability criterion for shear-channel fluctuations in first-order relativistic hydrodynamics. Figure 3 : Constraints on the transport coefficients θ and ε 1 obtained by demanding that the sound-channel modes for the fluid at rest are stable and causal. For illustrative purposes, we have taken ε 2 = 0, π 1 /γ s = 3/v 2 s . The stability region is shaded with a colour corresponding to a given value of v s . The stability region is larger for smaller v s . Left: the region where all modes are stable. Right: the region where all modes are stable and the short-wavelength modes are causal, lim k→∞ |ω(k)/k| < 1. In the right plot, the origin ε 1 = θ = 0 is always outside the stability region.
Sound channel
We now come to sound-channel oscillations. In the sound channel, the eigenfrequencies ω(k) are determined by the zeroes of
where v 2 s ≡ ∂p 0 /∂ 0 is the speed of sound, γ s ≡ 4 3 η + ζ sets the damping of sound waves, and w 0 ≡ 0 + p 0 as before. 12 More generally, F sound (v 0 =0) can be obtained by Lorentz boosting the four-vector (ω, k) in the above F sound (v 0 =0), as in Eq. (24). If we measure ω and k in units of w 0 /γ s , the stability of the sound-channel eigenmodes is determined by only four dimensionless parameters: ε 1,2 /γ s , π 1 /γ s , and θ/γ s . We will assume that the equation of state is such that the speed of sound is less than the speed of light, 0 < v 2 s < 1. To get a sense of the sound-channel stability constraints, let us look at the fluid at rest 12 The coefficient π2 has been traded for the bulk viscosity ζ, according to the formula in footnote 7.
first, i.e. v 0 = 0. At small k, there are two sound waves, and two gapped modes:
Clearly, stability in the sound channel requires
At arbitrary k, we have to study the zeroes of (31). Setting ω = i∆ in Eq. (31) gives rise to a quartic equation for ∆ with real coefficients, which can be written as
such that a > 0, b > 0, d > 0 and the coefficients a, b, c, d, e can be read off by comparing (35) and (31) . Stability requires Re(∆) < 0, which by the Routh-Hurwitz criterion amounts to e > 0 and
The first of these conditions gives
while the second gives an inequality which involves ε 1,2 , π 1 , and θ in a non-linear way. The latter can be written as
The constraints on the transport coefficients obtained by demanding that the sound-channel modes at v 0 = 0 are stable are illustrated in Fig. 3 , left.
Finally, we look at large-k modes for the fluid at rest. The modes have a linear dispersion relation, ω = c sound k, with c sound determined bȳ
We want the solutions of this quadratic equation for c 2 sound to be real and positive (for stability) and less than one (for causality). The stability constraints from Eq. (38) are weaker than the general stability constraint of Eqs. (36), (37) (as expected), but the causality constraint from Eq. (38) gives something extra. The stability constraints combined with the causality constraint c 2 sound < 1 for the fluid at rest are illustrated in Fig. 3 , right. 13 Let us now consider sound-channel oscillations in a moving fluid. We start with sound waves (small k). For sound waves that propagate parallel to the fluid flow (k v 0 ), we have where k ≡ |k|, and v 0 is between −1 and 1. The sound velocity obeys the standard relativistic velocity addition formula, as follows from the boost covariance condition (24) . For sound waves that propagate perpendicular to the fluid flow (k ⊥ v 0 ), we have
More generally, for sound waves that propagate at an angle φ with respect to v 0 , we have
The sound velocity c s (φ) obeys a quadratic equation
whose solutions are real, and |c s | < 1. The solutions of Eq. (42) are given by (25) , with c 0 = v s , as expected from Lorentz covariance. Once the sound velocity c s (φ) is determined, the damping coefficient is given by
The angular dependence of c s (φ) and Γ s (φ) is illustrated in Fig. 4 for different values of v 0 . The damping coefficient Γ s is always positive, as expected. At non-zero v 0 , the gapped frequencies (33) are modified. However, the stability and causality constraints at v 0 = 0 imply that the gaps remain stable at v 0 = 0. Further, as mentioned earlier, the stability and causality constraints at v 0 = 0 imply that the stability and causality holds at large k at v 0 = 0. Thus the constraints on transport coefficients from the modes at v 0 = 0 remain the same as in Fig. 3 , right. The sound-channel dispersion relations Each colour corresponds to a given value of φ (blue corresponds to φ = 0, purple to φ = π/2), k ≡ |k|, and w 0 ≡ ( 0 +p 0 ). For illustrative purposes, the speed of sound is taken as v s = 0.5, and the values of the transport coefficients were taken as follows:
s . The dashed lines denote the light cone ω = ±k. The values of ε 1 and θ are inside the stability region of Fig. 3 (right) , near the boundary of the stability region.
are illustrated in Fig. 5 . As expected, the dispersion relations are stable and causal when the transport coefficients are inside the stability region.
One of the necessary conditions for the stability of the gaps at v 0 = 0 is
For any finite value of the shear viscosity η>0 this excludes a finite neighbourhood of ε 1 =θ=0, as indicated in Fig. 3 , right. The Landau-Lifshitz hydrodynamics of uncharged fluids sets ε 1 = θ = 0, and therefore predicts that the thermal equilibrium state at v 0 = 0 is unstable. The stability criteria become particularly simple for hydrodynamics of conformal theories. For uncharged fluids, conformal symmetry in 3+1 dimensions implies that
see Appendix B. The speed of sound is v s = 1/ √ 3, and the bulk viscosity vanishes. Thus there are only three independent one-derivative transport coefficients, which can be taken as π 1 , θ, and η. The equilibrium state is stable if
This agrees with the conditions found in Ref. [19] . It order to satisfy (46), it is sufficient to take θ > 4η, π 1 > 4η in order to ensure the stability and causality of first-order conformal hydrodynamics.
Discussion
In this paper we have studied linear perturbations of the thermal equilibrium state in relativistic hydrodynamics. In a Lorentz-covariant theory, if the fluctuations are not causal [in the sense of violating Eq. (21)], they are also unstable. Our focus was on first-order hydrodynamics. The theory is "first-order" in the sense that our constitutive relations (2) and (4) contain only terms with up to one derivative of the hydrodynamic variables. The only hydrodynamic variables are the temperature, fluid velocity, and the chemical potential. The first-order constitutive relations in a general "frame" contain more transport coefficients than the two viscosities and the heat conductivity. In particular, the first-order constitutive relations contain the relaxation times for the energy density (ε 1 ), pressure (π 1 ), momentum density (θ), charge density (ν 1 ), and the charge current (γ 1 ).
We have shown that first-order relativistic viscous hydrodynamics can be made linearly stable by a suitable choice of the relaxation times. The minimal first-order regulator for an uncharged fluid is given by only three dimensionless parameters θ/γ s , ε 1 /γ s , and π 1 /γ s . The parameters must be bounded from below for stability, in a way illustrated in Fig. 3 , right. Necessary stability conditions include θ > η > 0,
While we haven't undertaken an exhaustive investigation of the multi-dimensional parameter space of transport coefficients, it is clear that there is a finite region in the parameter space where the the linear perturbations of the equilibrium state are stable. A more detailed investigation would be straightforward to perform -the equations that determine the eigenfrequencies ω(k) are polynomials in ω, at most fourth order. The stable parameter region in the space of transport coefficients defines a class of frames that are linearly stable.
We have not performed the stability analysis for charged fluids. Given the constitutive relations (2) and (4), doing so would be a straightforward exercise. We expect that the main conclusion about the linear stability of the equilibrium state will still hold, i.e. we expect that the parameters ν 1 and γ 1 will regulate the instabilities of the naive first-order hydrodynamics of charged fluids. This paper has an exploratory nature. A stable first-order frame is one of the many ultraviolet regulators of the naive relativistic hydrodynamics, together with the Israel-Stewartlike approaches. Our observation here is as follows: if one does not (unphysically) demand that the "canonical" hydrodynamic entropy current must have a non-negative divergence on-shell regardless of the derivative expansion, then a stable regulator of the short-distance behaviour is already contained within the first-order theory. Conversely, if one insists that the "canonical" hydrodynamic entropy current in first-order hydrodynamics has a non-negative divergence onshell regardless of the derivative expansion, then there are no frames in which the first-order hydrodynamics is stable.
In order to explore the viability of the general-frame first-order hydrodynamics further, it would be interesting to investigate the stability of non-trivial flows, and to see how the first-order hydrodynamics holds up in non-linear evolution. We hope that the observations of the present paper will lead to further explorations of the general-frame first-order hydrodynamics.
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A Entropy current
In this appendix we review the entropy current in first-order hydrodynamics of uncharged fluids (see e.g. Ref. [32] for a review, though the discussion below is from a different angle). The canonical entropy current S µ canon may be written down using a covariant version of the equilibrium relation T s = p + ,
We isolate the ideal part,
, where
is first order in derivatives. The definition (47) then gives
This entropy current is frame-invariant under first-order redefinitions of the hydrodynamic variables. The hydrodynamic equation u ν ∂ µ T µν = 0 implies ∂ µ (su µ ) = uν T ∂ µ T µν (1) (upon using ∂p = s∂T ). This immediately gives the divergence of the entropy current in terms of the non-ideal contribution to the energy-momentum tensor,
We want the right-hand side to be non-negative. This requirement will constrain the form of T µν (1) , in other words it will constrain the constitutive relations. To proceed, note the following. Take any symmetric tensor X µν and decompose it as in (2),
where again
The contraction of two symmetric tensors in such a decomposition is 
This is consistent with identifying ζ = (−π 2 + v 2 s (ε 2 +π 1 ) − v 4 s ε 1 ) as the bulk viscosity (which is frame-invariant), as discussed in Sec. 2. As expected, the only constraints from the entropy current at one-derivative order are η 0 and ζ 0, i.e. positive viscosities give rise to positive entropy production for physical solutions.
B Conformal theories
If the microscopic theory happens to be conformally invariant, the conformal symmetry imposes constraints on the constitutive relations in hydrodynamics, see Refs. [9, 33] . Let us find the constraints on the transport coefficients in Eq. (4) that follow from the conformal symmetry, in D > 2 spacetime dimensions. In a conformal theory, the energy-momentum tensor is traceless with Weyl weight D + 2, while the current has Weyl weight D. In other words, under the Weyl rescaling of the metric g µν = e 2φg µν we must have T µν = e −(D+2)φT µν , J µ = e −DφJ µ .
The conformal anomaly can be ignored in one-derivative hydrodynamics. The hydrodynamic variables transform as u µ = e −φũµ , T = e −φT , µ = e −φμ . The three one-derivative scalars s 1 ≡Ṫ /T , s 2 ≡ ∇ λ u λ , s 3 ≡ u λ ∂ λ (µ/T ) transform as
The one-derivative vectors v
3 .
The one-derivative tensor σ µν transforms as
Given the constitutive relations (2) and (4) 
where p, n are dimensionless functions of T /µ. At one-derivative order, the scaling (57) implies
together with
where again π i , θ i , η, ν i , γ i are dimensionless functions of µ/T . Note that the relations (68) are consequences of extensivity (see Sec. 2.2.1), and are true for non-conformal fluids as well.
In particular, in an uncharged conformal fluid the most general one-derivative constitutive relations (4) are determined by only four dimensionless numbers p, π 1 , θ 1 , and η, so that
The stability and causality of this fluid in D = 4 dimensions was studied in Ref. [19] .
